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In this paper we study the coupling between a quantum dot and the edge of a non-Abelian fractional quantum
Hall state. We assume the dot is small enough that its level spacing is large compared to both the temperature and
the coupling to the spatially proximate bulk non-Abelian fractional quantum Hall state. We focus on the physics
of level degeneracy with electron number on the dot. The physics of such a resonant level is governed by a k-
channel Kondo model when the quantum Hall state is a Read-Rezayi state at filling fraction ν = 2+ k/(k+2)
or its particle-hole conjugate at ν = 2 + 2/(k + 2). The k-channel Kondo model is channel symmetric even
without fine tuning any couplings in the former state; in the latter, it is generically channel asymmetric. The two
limits exhibit non-Fermi liquid and Fermi liquid properties, respectively, and therefore may be distinguished.
By exploiting the mapping between the resonant level model and the multichannel Kondo model, we discuss
the thermodynamic and transport properties of the system. In the special case of k = 2, our results provide a
novel venue to distinguish between the Pfaffian and anti-Pfaffian states at filling fraction ν = 5/2. We present
numerical estimates for realizing this scenario in experiment.
PACS numbers: 73.43.-f,71.10.Pm
I. INTRODUCTION
One of the most outstanding problems in the fractional
quantum Hall effect is the unambiguous experimental iden-
tification of a state with non-Abelian quasi-particle braid-
ing statistics.1 To date, there is no physical system that has
been conclusively demonstrated to have this property. Cer-
tain fractional quantum Hall states, most notably ν = 5/2 and
ν = 12/5, are believed to be exceptionally promising can-
didates for possessing non-Abelian quasi-particles and their
experimental verification would constitute a major milestone
in physics. The evidence that the ν = 5/2 quantum Hall
state is non-Abelian comes from a combination of analytical
theory;2–4 numerical study of small systems;5–10 and, most im-
portantly, experiment itself.11–13 In the case of the ν = 12/5
state,14,15 conjectures of non-Abelian-ness are based solely on
numerics.8,10,16
Non-Abelian quantum Hall states were first constructed
with the use of conformal field theory (CFT).17 Moore and
Read2 argued that candidate wavefunctions could be com-
puted as certain correlation functions (conformal blocks) of
a CFT. By requiring that the wavefunctions have certain
physical properties, the set of allowed CFTs turn out to
be highly constrained. The simplest CFT that satisfies the
constraints and possess non-Abelian quasi-particles is the
Z2 Ising CFT which leads to a wavefunction known as the
Moore-Read (MR) “Pfaffian” state, so named because the
wavefunction contains a Pfaffian factor. Numerics5,6,10,18 sup-
ports this wavefunction as a candidate description of the ν =
5/2 plateau,19,20 which has the largest gap among observed
plateaus in the second Landau level.21–23
The hypothesis that the ν = 5/2 state is non-Abelian
has, until recently, been based on the Moore-Read (MR)
wavefunction2 and quasiparticle excitations above it.4 How-
ever, it was recently realized that there is an alternate non-
Abelian candidate for ν = 5/2, the anti-Pfaffian state24,25
which, in the limit of vanishing Landau-level mixing, is ex-
actly degenerate in energy with the MR Pfaffian state (al-
though both might, in principle, be higher in energy than
some other state). Exact diagonalization studies have gener-
ally neglected Landau-level mixing and have, therefore, not
distinguished between these two states. Early numerics on
the sphere5 failed to look to for the anti-Pfaffian state, which
occurs at a different shift. On the torus,6 finite-size effects,
which cause mixing between these two states and a conse-
quent energy splitting, were too large. However, more recent
numerics on the sphere18 and the torus26 make it clear that, in
the absence of Landau-level mixing, the anti-Pfaffian state is
as good a candidate as the MR Pfaffian state with a ground
state energy which converges with that of the MR Pfaffian in
the thermodynamic limit.
Recent work on the effects of Landau-level mixing indicate
that the anti-Pfaffian state is, in fact, lower in energy for re-
alistic values of the magnetic field.7,27 However, it is difficult
to experimentally distinguish the anti-Pfaffian state from the
MR Pfaffian state. The smallest quasiparticle charge is e/4 in
both states, so shot noise measurements11 cannot distinguish
between them. The two states’ non-Abelian braiding proper-
ties are very similar. Thus, interferometry experiments,27–34
such as those of Willett et al.13 are also unlikely to distinguish
between these two states. It is possible, in principle, to distin-
guish them by their I(V, T ) curves, but these can be modified
by edge reconstruction, so the distinction between the I(V, T )
curves of the two states might be blurred. The two states
can also be distinguished by the signs of their thermal Hall
conductances, but only if the larger contribution of the filled
lowest Landau level (of both spins) can be separated. There-
fore, there is a need for experiments capable of distinguishing
these two candidate descriptions of the ν = 5/2 state. In this
paper, we show how differences in the gapless edge modes
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FIG. 1: (color online) Schematic of our model. Gates are shown in
black. They may be used to form a point contact to pinch off the dot
from the rest of the quantum Hall bulk. The gate on the right of the
figure may be used to shift the energy levels of the dot by changing its
area S. The bulk is assumed to be at filling fraction ν = 2+k/(k+2)
or ν = 2+2/(k+2). The white region between the dot and the bulk
is assumed to be at ν = 2. The charge on the dot may be measured
capacitively.40,41
of the anti-Pfaffian and MR Pfaffian states lead to different
quantum impurity (resonant level) models and transport prop-
erties when these states are coupled to quantum dots.35 We
also briefly discuss the expectations for other (numerically
less competitive) quantum Hall states at ν = 5/2, such as the
SU(2)2 NAF,36,37 K = 8 strong pairing,38 and (3,3,1) state.38
The MR Pfaffian state was generalized by Read and
Rezayi14 (RR), who constructed wavefunctions using the Zk
parafermion CFTs (the case k = 2 is the MR Pfaffian wave-
function). These wavefunctions are candidate states for filling
fraction ν = 2 + k/(k + 2) and they all posses non-Abelian
quasi-particle braiding statistics for k ≥ 2. The particle-hole
conjugates of the RR states, which we will call the ‘anti-RR
states’, were constructed recently;39 the k = 3 anti-RR state
is a candidate description of the ν = 12/5 plateau. Another
class of non-Abelian candidate states follow from Bonderson
and Slingerland’s15 (BS) hierarchy construction built on the
ν = 5/2 state. At ν = 12/5, the k = 3 anti-RR state and
one of the BS states are distinct non-Abelian candidates. Our
setup can be applied to distinguish these two states.
A subset of the results presented here was succinctly given
in Ref. [35]. The basic scenario we discuss is shown in
Fig.1. Our main result is that electron tunneling between a
level-k RR state and a quantum dot at its degeneracy point,
E(N + 1) = E(N), can be mapped to a stable k-channel,
channel symmetric, Kondo model (where k ≥ 2 is given by
the filling fraction ν = 2+k/(k+2), assumed to be described
by a RR state). Here E(N) is the energy of the quantum dot
with N electrons on it. Since the non-Fermi liquid physics
of multi-channel Kondo models with channel isotropy is usu-
ally unstable to small anisotropies in the coupling to different
channels, this physics is very difficult to realize in experiment.
A central result of this work is that the non-Abelian nature
of the RR fractional quantum Hall states automatically pro-
vides channel isotropy in the emergent multi-channel Kondo
model. In this sense, the non-Abelian fractional quantum Hall
state provides “topological protection” to the non-Fermi liq-
uid physics of the multi-channel Kondo model. In this way,
we have uncovered a scenario in which a global property, the
topological order of the RR states, protects fragile local quan-
tum impurity physics. Our analysis is based on properties of
the gapless edge excitations required by the topological order
of the RR states.
We also consider the situation in which two bulk quan-
tum Hall droplets are separated by a quantum dot (i.e. an-
other bulk droplet on the right side of the dot in Fig.1, as
shown in Fig.2). This setup is relevant to a two point-
contact interferometer13,28–30,42,43 when the backscattering at
each point contact is large, so that it is in the Coulomb block-
ade regime.44 One may naively think that this scenario would
“double” the number of “conduction” electron channels and
lead to a 2k-channel Kondo model. However, we show ex-
plicitly that this is not the case and that its true fixed point (for
equal electron tunneling to both “bulk” states) is more subtle.
This paper is organized as follows. In Sec. II we intro-
duce the essential elements of the edge theory of Abelian
and non-Abelian fractional quantum Hall edge states, includ-
ing the particle-hole conjugate states. In Sec. III we review
the Emery-Kivelson solution to the 2-channel Kondo model
and the more general Affleck-Ludwig CFT solution to the
k-channel Kondo model. The CFT solution of this problem
bears a deep connection to the RR states. In Sec. IV we de-
scribe the physics of a resonant level tunnel coupled to the
edge of a RR state and map it to the k-channel Kondo model
using the results of Sec. III. We also discuss the tunneling of
an electron through the dot. Finally, in Sec. V we remark on
the experimental implementation of our scenario and summa-
rize in Sec. VI.
II. EDGE THEORIES OF QUANTUM HALL STATES
Fractional quantum Hall states are topologically-ordered45
states of matter: They are gapped in the bulk and contain
quasi-particle excitations with non-trivial charge and braiding
statistics. Broken time reversal symmetry in quantum Hall
systems leads to net flow of charge in one direction along
the boundary. In the absence of edge reconstruction46–50 the
number of independent edge excitations and their low energy
properties are determined by the topological order of the bulk
state.45 In this way, there is a “bulk-edge” correspondence in
quantum Hall systems.1,51 CFT can provide a precise descrip-
tion of this correspondence, but note Refs. [52,53]. A given
CFT can be used to produce trial bulk wavefunctions in 2
spatial dimensions with and without quasi-particles.2,4,14,54–56
The same CFT can also be used to describe the dynamics of
edge excitations in 1 + 1 dimensions. Of course, whether
a particular CFT is chosen by nature ultimately depends on
whether the corresponding state has a lower energy than other
candidate states. Fortunately, some of the interesting CFTs
(namely the Zk parafermion theories) do seem to be favored
or at least very competitive at certain filling fractions (typi-
cally for 2 < ν < 3) and with reasonable interactions.7,14,16
Our analysis of the coupling between the edge of a non-
Abelian fractional quantum Hall state and a quantum dot re-
lies heavily on the theory of the edge. We focus on the edges
of the RR states and their particle-hole conjugates for general
k ≥ 2, which contain the physics of the chiral Zk parafermion
CFT17 in addition to the physics of the Abelian quantum Hall
states. In this section we present a self-contained summary of
the most important aspects of the edge needed for our study.
3In order to begin our narrative on familiar ground, we start the
discussion by reviewing the essential properties of the edge
states of the more widely known Abelian quantum Hall states.
In order to simplify our presentation, we will assume through-
out this paper that edge reconstruction does not occur.47–50 We
will discuss the qualitative effects of edge reconstruction in
Sec. V.
A. Laughlin and Hierachy edge states
In the integer quantum Hall effect, where electron-electron
interactions can be neglected for many purposes, gapless edge
excitations occur whenever a Landau level is pushed through
the Fermi energy near a boundary.57 A quantum Hall state of
integer filling ν = n has n chiral one-dimensional (Dirac)
fermionic modes that propagate along the boundary. These
chiral modes carry heat and charge along the edge. A single
chiral Dirac fermion has central charge c = 1, so for filling
fraction n, the total effective central charge is c = n. Since the
Hall conductivity, σH = n e
2
h , and the thermal conductivity,
κH = n
π2k2B
3h T , in dimensionless units the Hall conductivity
and the thermal Hall conductivity are equal. Here e is the
charge of the electron, h Planck’s constant, kB Boltzmann’s
constant, and T the temperature.
Qualitatively, the situation is similar in an Abelian frac-
tional quantum Hall state: The bulk is gapped and the edge
contains an integer number of chiral gapless edge modes.
However, due to the central role that interactions play in
the fractional quantum Hall effect, these edge modes carry
charges which are a fraction of the electron charge. The sim-
plest example is the Laughlin state at filling fraction ν = 1/m,
with m an odd integer. A Laughlin state contains a single
edge mode. Wen demonstrated58,59 that the universal prop-
erties of this edge mode are described by a chiral Luttinger
liquid theory (a Guassian CFT) with edge mode charges and
correlations determined by ν (ν = 1 is a special case of this
theory). Since a Gaussian CFT has c = 1, and the Laughlin
state has only one edge mode, the total central charge of the
edge is c = 1. It should be recalled that while the Hall conduc-
tance depends on the value of the edge charge,60 the thermal
Hall conductance does not: all Laughlin states and the ν = 1
integer quantum Hall state have identical κH . Meanwhile,
σH = ν
e2
h differs for these states.
The low-energy edge theory of the Laughlin state (and
ν = 1) can be expressed in terms of bosonic fields and has
an action that takes the form
SLaughedge =
1
4πν
∫
dτdx ∂xφ(i∂τ + v∂x)φ, (1)
where the chiral bosonic fields satisfy the commutation rela-
tions [φ(x′), φ(x)] = iπνsgn(x − x′); and v is the velocity
of the edge mode, determined by non-universal properties of
the edge confining potential and interactions. (Throughout our
paper we have set ~ = 1, which multiplies the velocity v here
and in most places in the text.) The electron operator on the
edge is
Ψ†e,Laugh = e
iφ/ν , (2)
and the quasi-particle operator of charge νe is Ψ†qp,Laugh =
eiφ.
Wen also argued61–63 that the same structure appears in
a general hiearchy state64,65 but with multiple chiral edge
modes.58,66 This more general theory of the Abelian quantum
Hall hierarchy states takes the form
SHieredge =
1
4π
∫
dτdx[i∂τφiKij∂xφj + ∂xφiVij∂xφj
+ 2Aµtiǫµν∂νφi]. (3)
The n× n matrix Kij and the n-component vector ti encode
the topological properties of the quantum Hall state. For in-
stance, Kij = δij + 2p, when the filling fraction is of the
form ν = n2pn+1 (the Jain sequence67) with n and p integers.
The n × n matrix Vij describes the non-universal velocities
and interactions between the n edge modes. An arbitrary ex-
citation on the edge is created by an operator Tˆ{mi}(x) =
ei
∑
n
j=1 mjφj(x) where mj are arbitrary integers.62 The topo-
logical properties of the state are: (i) Ground state degen-
eracy on surface of genus g is Det(K)g where Det is the
determinant. (ii) Filling fraction ν = ∑ij t†iK−1ij tj . (iii)
Statistical angle of a particle created by Tˆ{mi} is Θπ =∑
ij miK
−1
ij mj . (iv) Charge of a particle created by Tˆ{mi}
Q =
∑
ij miK
−1
ij tj . Note that both Kij and ti are basis-
dependent, and an SL(n, Z) transformation can transform
them between different bases. In the ‘symmetric basis’, in
which ti = 1 for all i, the electron operator takes the form
Ψ†e,Hier = e
i
∑n
j=1
mjφj(x), (4)
where mi =
∑
j Kij lj ,
∑
i li = 1, and lj =
∑
imiK
−1
ij .
This ensures the electron has a statistical angle of π (mod 2π)
and a unit charge. It can readily be checked that the formu-
las above reduce to the correct expressions in a Laughlin state
where Kij → 1/ν = m and there is only one field φ in the
edge theory. In the hierarchy states, κH = nπ
2k2B
3h T when
all n edge modes move in the same direction. Otherwise,
κH = (c−)
π2k2B
3h T , with c− equal to the difference of the
central charges of the right and left moving edge modes. If
c− < 0, heat flows in the direction opposite the charge. This
happens, for example, in the ν = 3/5 state.
A few remarks are in order regarding the edge theories of
Abelian fractional quantum Hall states. First, we note that all
edge channels in the theory (3) carry heat in the theory de-
scribed above. In the ‘symmetric basis’ mentioned above, all
edge channels carry charge as well. (Depending on the non-
universal matrix Vij , the symmetric basis or, perhaps, another
basis may be the eigenmodes of the Hamiltonian.) The edge
theories of non-Abelian fractional quantum Hall states always
contain additional electrically neutral modes that carry no
charge but do carry heat. These neutral modes are responsible
4for the non-Abelian properties of the quantum Hall state. In
the class of quantum Hall states we consider in this paper, the
neutral modes will correspond to either Majorana fermions, or
their generalization, parafermions (to be described below).
Second, disorder at the edge plays an important role for
fractional quantum Hall states with counter-propagating edge
modes.58,66 If all the charged modes are propagating in the
same direction, disorder has no effect at the boundary be-
cause edge modes have no states into which they can backscat-
ter. Forward scattering is unimportant as it has no qualitative
effect on the physics. On the other hand, if the edge con-
tains counter-propagating modes it is possible for backscat-
tering to occur in the presence of disorder. As is well known,
backscattering in one-dimensional interacting systems can
lead to dramatic effects.68 One can then analyze the disor-
der terms within a renormalization group approach. A new
effective edge theory can emerge at low energies when dis-
order is relevant.69,70 Whether a given state in the hierarchy
has counter-propagating modes can be determined simply by
looking at the sign of the eigenvalues of the matrix K ap-
pearing in Eq.(3). If there are eigenvalues of opposite sign,
there are counter-propagating modes. This situation occurs
at filling fraction ν = 2/3 for which n = 2 and p = −1,
for example.58,66 As a rule of thumb, particle-hole conjugate
states contain counter-propagating edge modes and one needs
to consider the effect of edge disorder. (The ν = 2/3 state
can be thought of as ν = 1/3 fluid of holes in a ν = 1
background. Thus, the edge theory in the absence of disor-
der can be described by an “outer” ν = 1 edge and an “inner”
ν = −1/3 counter propagating edge.) The same scenario will
arise in particle-hole conjugate states in non-Abelian quan-
tum Hall systems. One must analyze the relevance of disorder
there as well and determine the new effective low-energy the-
ory of the edge if disorder is relevant.24,25,39
B. Moore-Read Pfaffian edge state
Fermi statistics requires that a large class of Abelian states
have odd-denominator filling fractions, such as the most
prominently observed ones, which have ν = n2pn+1 .
67 It
thus came as a surprise when a Hall plateau at filling frac-
tion ν = 5/2 was observed.19 Fractional quantum Hall states
with even-denominator filling fractions were proposed, based
on the idea that electrons could form bosonic pairs which
could then condense into a bosonic analogue of the Laugh-
lin state.2,3,38,71 Such states could be either Abelian38 or non-
Abelian.2 (It was later realized that one proposed state71
was actually critical.72) These states are distinguished by the
topological properties of their pair wavefunctions. The MR
Pfaffian2 state is characterized by a weakly-bound72 px + ipy
pair wavefunction. (The anti-Pfaffian state is characterized
by a weakly-bound px + ipy pair wavefunction of holes, or
equivalently a px − ipy state of electrons.24,25) The MR Pfaf-
fian wavefunction was constructed by adding an electricaly
neutral chiral Z2 Ising CFT to the c = 1 chiral boson CFT
that describes the edge of the Laughlin states. (One typically
assumes that the filled lower ν = 2 Landau levels are inert
and play no role other than to perhaps modify the effective
electron-electron interactions so that pairing is energetically
favorable.) The MR state, like the Laughlin states, is spin po-
larized. Its edge action is the sum of the neutral and charged
sectors, S = Sn + Sc with
SMRn =
∫
dτdx iψ (i∂τψ + vn∂xψ) , (5)
and
Sc =
2
4π
∫
dτdx∂xφ (i∂τφ+ vc∂xφ) , (6)
where vn is the neutral mode velocity and vc is the charge
mode velocity. Typically vn < vc, because of the repulsive
interactions in the charge sector.73,74 Note that (6) is just (1)
with ν = 1/2 and v = vc.
Eq.(5) is equivalent to the right-moving part of the quan-
tum critical 1 + 1-D transverse field Ising model (or the clas-
sical critical 2D Ising model). ψ is a Majorana fermion oper-
ator. In the Ising model, it creates a domain wall between up-
and down-spins. The Ising model spin field σ is a twist field
which creates a branch cut in ψ. The field σ is important for
understanding non-Abelian statistics in the MR Pfaffian state
and for charge e/4 quasiparticle tunneling from one edge of a
droplet to the other. However, we will not be using it in this
paper because we focus here on electron tunneling between
one droplet and another much smaller droplet (i.e. the quan-
tum dot).
The electron creation operator in the MR state is:
Ψ†e,MR = ψe
i2φ, (7)
where we have used the convention dim[eiαφ] = ν α22 and
dim[ψ] = 1/2, so that dim[Ψe,MR] = 3/2. Note that the
electron operator (7) is a combination of a Majorana fermion
and an exponential of the boson, identical to that appearing
in (2). The appearance of a single Majorana fermion in the
electron operator is the crucial factor that allows the mapping
of electron tunneling to and from a resonant level to the chan-
nel symmetric 2-channel Kondo model.35 Since a Majorana
fermion has central charge 1/2 and, in the MR Pfaffian state,
moves in the same direction as the charge mode, the total cen-
tral charge of the edge is 3/2, which implies κH = 32
π2k2B
3h T .
C. Read-Rezayi edge states
The Majorana fermion appearing in the theory of the MR
state is just the k = 2 special case of Zk parafermions, which
invites generalizations to higher k. These were constructed by
Read and Rezayi;14 they are spin-polarized states with filling
fraction ν = k/(k + 2). They may be applicable to observed
states at ν = 2 + k/(k + 2) if one, again, assumes that the
filled lower Landau levels are inert.
The Zk parafermion theories arise as the self-dual critical
points of Zk clock models.75 In contrast to the chiral Z2 Ma-
jorana fermions, the Zk parafermions76 for general k > 2 are
5not free theories.17 They have central charge c = 2k−2k+2 and
can be realized as SU(2)k/U(1) cosets. This coset can be real-
ized at the Lagrangian level by an SU(2)k chiral WZW model
in which the U(1) subgroup has been gauged:77
SSU(2)k/U(1) =
k
16π
∫
dτdx tr
(
∂xg
−1∂g
)
− i k
24π
∫
dxdτdr ǫµνλtr
(
∂µg g
−1∂νg g−1 ∂λg g−1
)
+
k
4π
∫
dxdτ tr
(
Ax∂g·g−1−Ag−1∂xg+AxgAg−1−AxA
)
.
(8)
In this expression, ∂ ≡ i∂τ + vc∂x and A ≡ Aτ − ivnAx.
The field g takes values in SU(2). The second integral is over
any three-dimensional manifold M which is bounded by the
two-dimensional spacetime of the edge ∂M . The value of
this integral depends only on the values of the field g at the
boundary ∂M . The gauge field has no Maxwell term, so its
effect is to set to zero the U(1) current to which it is coupled.
The coset construction can be realized at the operator level
by writing the SU(2)k currents in terms of a chiral boson φ
and a parafermion field ψ1:
J+ =
√
kψ1e
iφ,
J− =
√
kψ†1e
−iφ,
Jz =
k
2
∂xφ, (9)
where the chiral boson is normalized so that dim[eiφ] = 1/k.
The parafermion field is what is left over after the chiral boson
has been ‘removed’ from the SU(2) current. Throughout this
paper different normalization of the bosonic fields will be used
as a consequence of the different charge sector Hamiltonians
at different filling fractions, but the scaling dimension of the
SU(2) currents will always remain unity. There are also other
primary fields in the Zk parafermion theory, such as powers of
the spin field. Although they are important for quasiparticle
tunneling from one edge of a droplet to the other through the
bulk, they do not enter our analysis here for electrons, where
the parafermion field is central.
The charge sector of the RR edge theory (neglecting the
2 filled lower Landau levels) is identical to (1) with ν =
k/(k + 2). The electron operator in the RR state is obtained
by combining appropriate fields from the charge and neutral
sectors:14
Ψ†e,RR = ψ1e
i k+2
k
φ, (10)
which has dim[Ψe,RR] = 3/2, independent of k. With the c =
1 charge sector included, the total central charge of the edge
is 3kk+2 , which implies κH =
3k
k+2
π2k2B
3h T in the RR states.
D. Particle-hole conjugates of MR and RR states
Particle-hole conjugate fractional quantum Hall states can
be thought of as a Hall fluid of holes in a background of elec-
trons at integer filling.58,66 This picture naturally leads to an
“outer edge” with properties like that of an integer quantum
Hall state, and an “inner edge” (that propagates in the oppo-
site direction because of the opposite charge of the holes rel-
ative to electrons) that is at a filling 1 − ν, where 0 < ν < 1
is the filling fraction of the state that is conjugated. (We have
assumed the particle-hole conjugation is in the lowest Lan-
dau level by again neglecting the lower 2 filled Landau lev-
els. If the filling fraction is in the range 2 < ν < 3, then the
particle-hole conjugate state would be at filling fraction 5−ν.)
As noted in the introduction, the MR Pfaffian state ν = 5/2
has a particle-hole conjugate state (degenerate in the absence
of Landau level mixing, which is a particle-hole symmetry
breaking perturbation) that is at the same filling fraction.24,25
This immediately raises an additional question: “Is the MR
Pfaffian state or its particle-hole conjugate a better candidate
for ν = 5/2?” Our work provides an experimental test for this
question quite distinct from existing proposals.
As we mentioned in our discussion of the hierarchy states,
the edge physics is more subtle for states that have counter-
propagating modes on the edge. Much of the non-trivial
physics of one-dimension is related to backscattering in the
presence of interactions. Counter-propagating modes allow
for such backscattering, provided the disorder causing the
backscattering has Fourier components at the right values to
soak up the momentum mismatch between the two (or more)
modes. The relevant analysis in the fractional quantum Hall
context was first carried out by Kane et al. for the ν = 2/3
state.69 The key result is that the edge has two phases: one
in which the disorder is a relevant perturbation to the “clean”
edge theory and one in which it is not. When the disorder is
irrelevant, the picture of an outer edge with properties of an
integer quantum Hall state and an inner counter-propagating
edge with properties of a fractional quantum Hall state ap-
plies. On the other hand, when disorder is relevant [which, in
turn, depends on the non-universal matrix Vij in (3)], the edge
reconstructs at long length scales into an electrically neutral
(disorder dependent) mode and a Laughlin-like charge mode
effectively at ν = 2/3. A remarkable result is that the neutral
mode has an emergent SU(2) symmetry.69 This neutral mode
propagates in the opposite direction to the charge mode.
Much of the analysis of Kane et al. for the ν = 2/3
state carries over to the particle-hole conjugates of the MR
and RR states, although the technical details differ somewhat:
the analysis for the non-Abelian states needs to be modified
to take into account the neutral Zk chiral parafermion mode
present in the inner edge.24,25,39 When this analysis is carried
out, the edge theory of the particle-hole conjugate of the MR
state, MR, is given by S = SMRn + Sc with Sc given by (6)
and a neutral sector of 3 flavors of Majorana fermions
SMRn =
3∑
a=1
∫
dx iψa(−i∂τ + vn∂x)ψa, (11)
that propagates in the direction opposite of the charge. Since
the central charge of a Majorana fermion is 1/2 and there are
three flavors of them, κH = − 12
π2k2B
3h T , so that heat flows
“upstream” relative to the current. (Of course, once the 2
lower Landau levels are taken into account, heat will still flow
6downstream along with the current, but there will be a reduc-
tion relative to the MR state.) The different edge theories and
thermal Hall conductivities for the MR and MR states im-
ply that these are topologically distinct states.24,25 The neutral
sector (11) is SU(2) symmetric and, in fact, the symmetry gen-
erators,
Ja = iǫabcψbψc, (12)
obey an SU(2)2 Kac-Moody algebra, i.e.
Ja(z) · Jb(0) = 1
z2
k
2
δab +
1
z
iǫabcJc(0) + . . . (13)
with k = 2. By contrast, in the ν = 2/3 case analyzed
by Kane et al.69, the neutral sector can be formulated as an
SU(2)1 Kac-Moody algebra.
The electron operator in the MR state is no longer unique
as it was in the MR state and this will ultimately lead to
different Kondo physics when the resonant level problem
is mapped to the Kondo model. There are three different
dimension-3/2 (the smallest possible scaling dimension) elec-
tron operators,24,25 (
Ψ†
e,MR
)
a
= ψae
2iφ, (14)
for a = 1, 2, 3 where the combination (ψ1−iψ2)e2iφ is inher-
ited from the electron operator of the ν = 1 integer quantum
Hall state in which a Pfaffian state of holes forms. The other
two electron operators are complicated charge-e combinations
of the ν = 1 electron operator and particle-hole excitations
between the inner MR and outer ν = 1 edges. The 3 flavors
of Majorana fermions present in the MR state will turn out
to drive the stable 2-channel Kondo physics of the MR state
to the less exotic single-channel Kondo physics in the MR
state.35
The edge theory of the RR state for general k ≥ 2 is a
straightforward generalization of the MR state: the neutral
sector is described by an SU(2)k theory and the charge sector
is given by (1) with ν = 2/(k + 2). The counter-propagating
neutral sector is therefore given by a chiral WZW theory for
SU(2) at level k,
SWZW,k =
k
16
∫
dτdxtr(∂xg
−1∂g)
−i k
24π
∫
drdτdxǫµµλtr(∂µgg
−1∂νgg−1∂λgg−1),
(15)
The central charge of the neutral mode is 3kk+2 , so the net ther-
mal conductivity is κH = −2
(
k−1
k+2
)
π2k2B
3h T . Since k ≥ 2,
heat flows in the opposite direction of charge.
As in the case of the MR state, the electron operator is no
longer unique.34,39 There are 2k + 1 electron operators with
left-and right-scaling dimensions ∆R = (k + 2)/4, ∆L =
k/4, so that their total scaling dimension is (k + 1)/2 and
their conformal spin is ∆R − ∆L = 1/2, as required for a
fermion. These operators are given by39(
Ψ†
e,RR
)
m
= χmj=k/2e
i k+2
2
φ, (16)
with m = −k/2,−k/2 + 1, ..., k/2. The χmj=k/2 are related
to the spin j = k/2 primary fields of SU(2)k and are built en-
tirely from fields in the neutral sector of the edge theory. The
χmj=k/2 have scaling dimension k/4 and can be constructed by
operating with the SU(2)k current operator J+ ∼ ψ1eiφσ mul-
tiple times on a “bare outer edge” electron operator.39 Here
φσ is an electrically neutral combination of the “inner” and
“outer” charge edge modes39 and ψ1 is the Zk parafermion.
The non-uniqueness of the electron operator (16) will again
turn out to drive the system away from the channel symmetric
k-channel fixed point.
To summarize, the neutral sectors of the MR Pfaffian and
RR edges are the Ising model (Majorana fermion) and Zk,
k ≥ 3 parafermion theories, respectively. These neutral sec-
tors can be realized as the coset SU(2)k/U(1) (k = 2 is the
Ising case). In contrast, the neutral sectors of the anti-Pfaffian
and RR edges are oppositely-directed SU(2)k theories. In ef-
fect, particle-hole conjugation undoes the coset and restores
the full SU(2)k Kac-Moody algebra (in the phase in which
disorder is relevant, so that the edges equilibrate).
III. THE k-CHANNEL KONDO MODEL
In this section we describe the k-channel Kondo model and
its solution using analytical methods that we will encounter in
the next section where our scenario of a quantum dot near a
bulk non-Abelian quantum Hall state (see Fig.1) is discussed.
The most familiar guise of the Kondo model is as a local mag-
netic impurity (spin) in a sea of conduction electrons. Elec-
trons scattering from this local moment can flip their spin. As
a result, at low energies non-trivial correlations develop be-
tween the magnetic moment and the electrons of the many-
body fermi sea, and the local moment is screened (or perhaps
“over” or “under” screened).78,79 Describing this behavior in
detail has been one of the most intensively studied problems
in condensed matter physics over the last 40 years.80 Research
on the problem is still quite active, particularly as it relates
to finite frequency or non-equilibrium properties. The map-
ping we establish in this work may provide another venue to
probe interesting non-equilibrium properties of a Kondo sys-
tem, particularly in the multi-channel case, which would be
an interesting route for future study.
A. The k-channel Kondo Hamiltonian
Our results only require equilibrium properties which are
well understood for the cases of interest to us. The most im-
portant distinction that needs to be made is between single
channel and multi-channel versions of the Kondo model.78
Here the “channels” refers to the number of “flavors” of elec-
trons that couple to the impurity spin.
In the Kondo problem, one considers k channels of conduc-
tion electrons (e.g. k bands) interacting with a localized impu-
rity spin ~S, which, without loss of generality, we can take to be
at the origin. The impurity spin is treated as point-like, so that
7only the s-wave component of the conduction electrons inter-
acts with it. By restricting to the s-wave channel, we effec-
tively make the problem one-dimensional. The radial dimen-
sion can be treated as running from r = 0 to r = ∞, with k
species of non-chiral Dirac fermions ψR,Li (r), i = 1, 2, . . . , k
on the half-line. They do not interact with each other but in-
teract with a spin ~S at r = 0. Alternatively, we can formulate
the model in terms of k species of chiral Dirac fermions on
the line full line by allowing r (which we rename as x) to run
from −∞ to ∞ and flipping the right-moving fermions onto
the negative axis ψLi (−x) ≡ ψLi (x) for x > 0. Thus, the
k-channel Kondo Hamiltonian has k chiral Dirac fermions,
interacting with the spin
HK =
k∑
i=1
{
H0[ψi] +
λ⊥i
2
(J+i (0)S
− +H.c)
+λziJ
z
i (0)S
z
}
+ hSz, (17)
where H0 describes the k-channels of the conduction elec-
trons ψi (not parafermions!)
H0[ψ] =
∫
dx vF ψ
†i∂xψ. (18)
The local moment ~S is situated at the origin. The local con-
duction electron spin density in channel i is given by
J−i (x) = : ψ
†
i↓(x)ψi↑(x) :,
J+i (x) = : ψ
†
i↑(x)ψi↓(x) :,
Jzi (x) =
1
2
: [ψ†i↑(x)ψi↑(x) − ψ†i↓(x)ψi↓(x)] :, (19)
where : : denotes normal ordering. The model is said to be
exchange isotropic if λ⊥i = λzi, and channel symmetric if
λ⊥i = λ⊥ and λzi = λz for all channels i. The last term in
(17) is present if there is an externally applied magnetic field
along the z-direction.
The ground state properties of (17) generally depend on k,
the size of the spin ~S; the value of the external field h; the
presence/absence of anisotropy in the exchange and asym-
metry in the channel coupling; and the signs of the prod-
ucts (λ⊥i)2λzi. Fortunately, we need only consider a small
subset of the possible cases. From the point-of-view of “ex-
otic” physics, one of the most important cases is when S =
1/2, h = 0, and the model is channel symmetric (exchange
anisotropy is unimportant, i.e. irrelevant81 in the renormal-
ization group sense). In this case, the ground state exhibits
non-Fermi liquid properties for k ≥ 2 in the channel sym-
metric case. However, these non-Fermi liquid fixed points are
unstable to channel asymmetry, which drives the system away
from the channel symmetric limit (and to the k = 1 Fermi
liquid fixed point). We note that in our scenario discussed in
Sec. IV and shown in Fig. 1, the “k” appearing here is exactly
the same “k” that appears in the RR states at filling fraction
ν = kk+2 or the RR states at filling fraction ν =
2
k+2 . Fur-
thermore, as we will see, our model automatically maps to the
channel symmetric case.
B. Emery-Kivelson solution of HK for k = 2 and S = 1/2
The Emery-Kivelson (EK) analysis82 of the 2-channel S =
1/2 Kondo model plays a central role in our work, so we
briefly review it here. EK solved the 2-channel Kondo model
by mapping it onto a Majorana resonant level model. (This
gives a clue to the relation with our problem since Majorana
fermions are an important part of the edge theories of the MR
Pfaffian state and the anti-Pfaffian state.) They studied the
properties of the resonant level model and then mapped them
back onto the original Kondo model to determine quantities
such as the impurity susceptibility and ground state entropy.
In Sec. IV we will do the reverse: start with a particular res-
onant level model and ask “To what impurity (Kondo) model
does it correspond?” We note, however, that not all resonant
level models immediately map to a Kondo model, as we show
explicitly in the case of a quantum dot coupled to two bulk
fractional quantum Hall reservoirs.
The EK solution begins by bosonizing the electron
operators82
ψ†iσ(x) =
1√
2πa0
eiφiσ(x), (20)
where σ =↑, ↓, In terms of these bosons, the local conduction
electron spin density is:
J+i (x) =
1
2πa0
ei
√
2φi−(x), Jzi (x) =
1√
2π
∂xφi−(x), (21)
where
φi±(x) =
1√
2
[φi↑(x)± φi↓(x)], (22)
a0 is a short distance cut-off. We keep our normalization con-
vention from before so that the electron operator has scaling
dimension 1/2 and the currents have scaling dimension 1. Fo-
cusing on the 2-channel case (i = 1, 2), EK then introduce
“spin” and “spin-flavor” bosons as the following linear com-
binations
φs(x) =
1√
2
[φ1−(x) + φ2−(x)], (23)
φsf (x) =
1√
2
[φ1−(x) − φ2−(x)], (24)
which, as we will see momentarily, couple to the impurity spin
while the fields
φc(x) =
1√
2
[φ1+(x) + φ2+(x)], (25)
φf (x) =
1√
2
[φ1+(x) − φ2+(x)], (26)
are not coupled to it. In terms of these fields, the Hamiltonian
(17) takes the form,
HK = H0[φc] +H0[φf ] +H0[φs] +H0[φsf ] +(eiφs(0)
2πa0
{
λ⊥+ cos[φsf (0)] + iλ⊥− sin[φsf (0)]
}
S− +H.c.
)
+
1√
π
[λz+∂xφs(0) + λz−∂xφsf (0)]Sz + hSz, (27)
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λ⊥± =
1
2
(λ⊥1 ± λ⊥2) , λz± = 1
2
(λz1 ± λz2) . (28)
Since φc and φf do not couple to the impurity spin, we ignore
them from now on.
In order to map the Kondo Hamiltonian onto a resonant
level model coupled to free fermions, EK perform a unitary
transformation generated by
U = eiαS
zφs(0), (29)
in order to decouple φs and thereby change the scaling di-
mension of the transverse exchange coupling to 1/2. Under
the unitary transformation generated by (29),
HK → U †HKU = H0[φs] +H0[φsf ]
+
(ei(1−α)φs(0)
2πa0
{
λ⊥+ cos[φsf (0)]
+iλ⊥− sin[φsf (0)]
}
S− +H.c.
)
+
1√
π
[λ˜z+∂xφs(0) + λz−∂xφsf (0)]Sz + hSz, (30)
where
λ˜z+ = λz+ − αvF . (31)
By choosing α = 1, one eliminates the coupling of the φs
field to S± and sets the scaling dimension of the transverse ex-
change coupling to 1/2 so that the φsf sector can be refermion-
ized,
ψ†sf (x) = e
iπd†d 1√
2πa0
eiφsf (x), (32)
where a Klein factor eiπd†d is inserted to ensure the proper an-
ticommutation relations between the ψsf (x) fermions and the
fermions introduced to describe the local magnetic moment,
S+ = d†, S− = d, Sz = d†d− 1/2. (33)
The operators d, d† satisfy the anticommutation rules
{d, d†} = 1. In this representation, the Hamiltonian takes
the form
HK = H0[φs] +H0[ψsf ] + h(d
†d− 1/2)
+
λ⊥+√
8πa0
(ψ†sf (0) + ψsf (0))(d− d†)
+
λ⊥−√
8πa0
(ψ†sf (0)− ψsf (0))(d+ d†)
+[λ˜z+
∂xφs(0)√
π
+ λz− : ψ
†
sf (0)ψsf (0) :](d
†d− 1/2). (34)
At its generalized Toulouse point, λ˜z+ = λz− = 0,
the Hamiltonian (34) is quadratic and, therefore, exactly
solvable.82
Focusing for the moment on the Toulouse limit, the EK so-
lution proceeds by introducing a Majorana representation for
the local moment fermions and the spin-flavor fermions,
d =
1√
2
(a+ ib), (35)
ψsf (x) =
1√
2
(ζ1(x) + iζ2(x)), (36)
where a, b, ζ1, ζ2 are Majorana fermions. In this representa-
tion, the Hamiltonian (apart from the degrees of freedom that
decouple from the impurity spin) takes the form,
HK = H0[ζ1] +H0[ζ2] + h(iab− 1/2)
+ i
(
λ⊥+√
2πa0
)
ζ1(0)b + i
(
λ⊥−√
2πa0
)
ζ2(0)a, (37)
which describes two Majorana resonant levels (a and b) cou-
pled to two different Majorana modes (ζ1 and ζ2) originating
from the Fermi sea. Note that the magnetic field couples the
two Majorana resonant levels even at the Toulouse point.
Let us now focus on (37) with h = 0. In this case, the
Majorana modes completely decouple from each other, and
the Kondo Hamiltonian reduces to a sum of 2 Hamiltonians
each describing the coupling of a different Majorana resonant
level to a different Majorana bath. It can be shown that the
1-channel Kondo model at its Toulouse point can be mapped
into just such a form.82,83 (The transverse coupling in the 1-
channel model takes the form ψ†d+ d†ψ which is equivalent
to (37) with a constant shift of φsf .) Therefore, if λ⊥+ 6= 0
and λ⊥− 6= 0, the 2-channel Kondo model exhibits 1-channel
Kondo behavior.83,84 On the other hand, if the model is chan-
nel symmetric (λ⊥− = 0 and λz− = 0) then only the “b” Ma-
jorana fermion couples to the conduction electrons and non-
Fermi liquid properties result. For example, there is a non-
trivial ground state entropy of
Simp(0) =
1
2
ln(2), (38)
and an impurity susceptibility,
χimp(T ) ∝ ln(TK/T ), (39)
where TK is the Kondo temperature.82,85
Detailed analysis81–85 of the full Hamiltonian (34) leads to
the following key results: The 2-channel non-Fermi liquid
fixed point at λ˜z+ = λz− = λ⊥− = h = 0 is (i) stable to
exchange anisotropy, λ⊥+ 6= λz+ 6= 0. (ii) unstable to chan-
nel anistropy, λz− 6= 0 or λ⊥− 6= 0. (iii) unstable to a finite
magnetic field h 6= 0. In case (ii) the low-energy properties
are controlled by the 1-channel Kondo model fixed point (pro-
vided the effective coupling is antiferromagnetic) at which the
ground state entropy is zero and the impurity susceptibility
is a constant. However, provided the asymmetry is not too
large, the 2-channel behavior may survive over a fairly large
energy scale before crossing over to the 1-channel behavior at
the lowest energies.83,84 For case (iii) the low energy behavior
is described by a potential scattering problem with different
phase shifts for up- and down-spin electrons.81
9C. Affleck-Ludwig solution of HK for general k and S = 1/2
For k > 2 channel Kondo models, the Abelian bosoniza-
tion method of EK is not as helpful (except for the k = 4
channel case83), so other approaches are needed. For our later
discussion, the boundary CFT solution to the k-channel (in-
cluding single-channel) Kondo model pioneered by Affleck
and Ludwig86–88 turns out to be particularly useful. Since the
RR and RR boundary excitations are described by a CFT (the
same CFT, in fact, that appears in the multi-channel Kondo
model), this approach provides a natural link between multi-
channel Kondo models and non-Abelian quantum Hall states.
The shared CFT is the “deep” reason we can establish a map-
ping between the resonant level model at the edge of a RR
or RR state and the multi-channel Kondo model. We empha-
size that the boundary CFT method covers all cases, even the
(k = 1)-channel Kondo model.
The boundary CFT solution to (17) begins with a conformal
decomposition of the conduction electrons.86–88 The conduc-
tion electron term represented by H0 is expressed as a sum
of three terms (referred to as a “conformal embedding”) that
describe “charge”, “spin”, and “flavor” sectors. These sectors
posses current operators with U(1), SU(2), and SU(k) sym-
metry, respectively. Specifically, one has
k∑
i=1
H0[ψi] = H [U(1)] +H [SU(2)k] +H [SU(k)2]. (40)
The identity (40) is typically motivated89 by noting that the
central charges on the left and right hand sides are equal:
2k = 1+ 3kk+2 +
2(k2−1)
k+2 . Conformal embedding is useful for
the k-channel Kondo model because it is only the SU(2)k cur-
rents that couple to the local moment ~S: the conduction elec-
tron terms with U(1) and SU(k) symmetry thus play no role in
the impurity physics. (Recall that the Zk parafermions in the
RR andRR states are constructed from the coset SU(2)k/U(1).
Thus, SU(2)k plays a key role in both the non-Abelian frac-
tional quantum Hall states of interest here and the k-channel
Kondo model.)
In terms of the k channels of the conduction electrons, the
SU(2)k spin currents can be expressed as
~J(x) =
k∑
i=1
: ψ†α,i(x)
~σαβ
2
ψβ,i(x) :, (41)
where ~σ is the vector of Pauli spin matrices. The Fourier com-
ponents of the SU(2)k spin currents satisfy the Kac-Moody
algebra,
[Jan , J
b
m] = iǫ
abcJcn+m +
nk
2
δabδn+m,0. (42)
Thus, the currents can also be expressed in terms of a
parafermion and a boson, as in (9).
The next step is to study the coupling of the magnetic im-
purity to the spin currents. Let us first assume the coupling
of the spin currents to the local moment ~S is channel sym-
metric. The Kondo Hamiltonian is then (neglecting parts that
decouple from the spin)
HK =
2πvF
k + 2
∫ L
0
dx : ~J(x) · ~J(x) :
+λ⊥(J+(0)S− + J−(0)S+) + λzJz(0)Sz + hSz. (43)
To illustrate the key features of the Affleck-Ludwig bound-
ary CFT solution it is useful to specialize to the ex-
change isotropic limit in zero magnetic field.86–88 The rele-
vance/irrelevance of exchange anisotropy and channel asym-
metry, as well as an externally applied magnetic field, can be
analyzed about this point.81 Going to the Sugawara form of
the Hamiltonian in Fourier space, we have
HK =
2πvF
L
( ∞∑
n=−∞
1
k + 2
: ~J−n ~Jn : +λK
∞∑
n=−∞
~Jn · ~S
)
,
(44)
where λK is the effective Kondo coupling. The crucial point
is that when λK = 2/(k + 2) (which corresponds to the
low-temperature fixed point), the Hamiltonian (44) becomes
equivalent, after completing the square, to an uncoupled spin
but with shifted current operators
~Jn = ~Jn + ~S. (45)
In other words, at the low-energy fixed point, the local mo-
ment is “absorbed” into the spin currents. This is referred to
as the “fusion hypothesis”. In boundary CFT terms, it can
be stated in the following way. Let us fold the system again,
so that we have non-chiral fields on the half-plane x > 0,
−∞ < τ < ∞. Each possible conformally-invariant bound-
ary condition at the boundary of the half-plane, x = 0, cor-
responds to a primary field of the theory (this is true in a
large class of theories, namely those with diagonal partition
functions, which includes the models discussed here). When
the interaction is tuned to zero, λK = 0, the boundary con-
dition corresponds to the identity operator in SU(2)k. Ac-
cording to the “fusion hypothesis”, the boundary condition
at the infrared fixed point is obtained by fusing the iden-
tity with the spin-1/2 primary field (or, more generally, the
spin-S primary field), i.e. the boundary condition is associ-
ated with the spin-1/2 primary field. This leads to an en-
tropy gain of ln[2 cos(π/(k + 2))] associated with the con-
formal boundary condition. However, since the impurity spin,
with its ln 2 entropy is screened, the net entropy change is
∆S = − ln 2 + ln[2 cos(π/(k + 2))]. If we separate bulk
and impurity so that the initial impurity entropy is ln 2 (how
we choose to divide the total entropy of the system into bulk
and impurity is, in part, a convention), then the entropy in the
infrared is:
Simp(0) = ln[2 cos(π/(k + 2))]. (46)
We have already seen this scenario in different language in
Emery and Kivelson’s solution of the k = 2 case. Let us con-
sider the channel symmetric case as the generalized Toulouse
point, so that λ⊥− = 0. For λ⊥+ = 0, the Majorana fermion
ζ1 in Eq.(37) has boundary condition ζ1R(0) = ζ1L(0), which
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corresponds to fixed boundary condition in the Ising model.
However, for λ⊥+ > 0, which flows to the infrared fixed point
λ⊥+ = ∞, the boundary condition is ζ1R(0) = −ζ1L(0)
[as may be seen by direct solution of the quadratic Hamilto-
nian (37)]. This corresponds to free boundary condition in the
Ising model, which has a boundary entropy which is higher by
ln
√
2. However, since the impurity spin’s entropy ln 2 is lost,
there is a net entropy loss of ln
√
2.
As a result of the change of boundary condition in the
SU(2)k sector while the U(1) and SU(k)2 sectors are un-
affected, correlation functions of electron operators (which
combine these three sectors) become non-trivial. For instance,
the impurity susceptibility for the k-channel Kondo model is:
χimp(T ) ∝ T−(k−2)/(k+2). (47)
The fusion hypothesis has been tested against exact Bethe-
ansatz results90 and numerical renormalization group (NRG)
studies and is now believed to be on quite solid ground.81
The conclusions reached with the boundary CFT analysis81
for S = 1/2 and general k ≥ 2 are the same as those reached
by the EK analysis for k = 2 as far as symmetry-breaking
perturbations are concerned: The k-channel non-Fermi liquid
fixed point is: (i) stable to exchange anisotropy. (ii) unsta-
ble to channel asymmetry. (iii) unstable to a finite magnetic
field. In case (ii) the low-energy properties are controlled by
the 1-channel Kondo model fixed point (provided the effective
coupling is antiferromagnetic). For case (iii) the low energy
behavior is described by a potential scattering problem with
different phase shifts for up and down electrons.81
IV. EXOTIC RESONANT LEVEL MODELS
Having laid the necessary groundwork for our study in
Secs. II and III, we are now ready to investigate the physics of
a quantum dot (modeled by a single resonant level) coupled
by electron tunneling to a Read-Rezayi quantum Hall state or
its particle-hole conjugate. As we mentioned in the introduc-
tion, our main result is that the physics is governed by some
version of the multi-channel Kondo model.
Specifically, we study the set-up shown in Fig. 1. The bulk
quantum Hall state on the left is assumed to be in a non-
Abelian fractional quantum Hall state at ν = 2 + k/(k + 2)
or ν = 2 + 2/(k + 2). A quantum point contact may be
used to pinch off a finite region of the quantum Hall fluid
and form a quantum dot separated from the bulk by a tun-
neling barrier. We assume that the lower two Landau levels
are not pinched off and therefore do not backscatter at the
point contact; the barrier region is assumed to have ν = 2,
effectively forming a vacuum for the RR or RR state. For a
finite system (the quantum dot) the edge modes acquire a dis-
crete spectrum.91,92 We focus on fluctuations of the quantum
dot charge Q ≡ e〈Nˆe〉 near a degeneracy point in the energy:
E(Ne, S, B) = E(Ne + 1, S, B) where Ne is the number
of electrons on the quantum dot. The energy E depends on
dot area S, which may be altered by a gate potential shown
in Fig. 1, and on the magnetic field B. Adjusting either S
or B may be used to achieve the desired degeneracy and also
to slightly tune away from it. The charge of the dot can be
measured capacitively.40,41,93,94
We assume energy and temperature scales are much less
than the level-spacing of the dot edge states. Then only two
levels on the quantum dot (the degenerate or nearly degenerate
ones) are important. These two levels act as an effective, local
spin-1/2 degree of freedom. The mapping of charge occupa-
tion on a quantum dot to an effective spin degree of freedom is
not new95–101 and a number of related studies of quantum dots
coupled to interacting one dimensional systems have been car-
ried out.102–107 However, the physics resulting from coupling
such a quantum dot to a RR or RR state has only recently been
touched upon in earlier work by the present authors.35
For the remainder of this section we will study the Hamil-
tonian
H = Hedge +Hdot +Htun, (48)
where Hedge is the edge Hamiltonian of a RR or RR state (in-
cluding the k = 2 MR and MR states). Here and henceforth,
we ignore the 2 filled lower Landau levels. This is justified
by the sequence of modes pinched off in a point contact.11,108
The dot Hamiltonian is
Hdot = ǫd d
†d, (49)
where d (d†) is the fermionic annihilation (creation) opera-
tor for this state. The level energy ǫd = 0 at the degeneracy
point and ǫd 6= 0 when one is tuned away from degeneracy.
(Since we are focused on a level degeneracy point, the stan-
dard Coulomb charging term of the form EC2 (Nˆ −Ne)2 does
not play a key role in the physics of interest to us, although
such a term is implicit in our analysis.) The final term in (48),
Htun, describes the tunneling of electrons between the edge
of the bulk quantum Hall state and the quantum dot. Its spe-
cific form depends on the quantum Hall state of the bulk, and
it will determine the properties of the emergent Kondo model.
We will consider a number of important cases below.
A. Tunneling from the MR Pfaffian state
The edge theory for the Pfaffian state is the sum of a free,
charged chiral bosonic sector and a neutral Majorana (the ‘Z2
parafermion’) sector. The edge Hamiltonian takes the form
HMRedge =
∫
dx
(
vc
2
4π
(∂xφ(x))
2 + ivnψ∂xψ
)
, (50)
where vn < vc generally holds, φ is a real chiral boson, and ψ
is a chiral Majorana fermion. The Hamiltonian (50) is equiv-
alent to the sum of (5) and (6). The tunneling Hamiltonian for
the MR state takes the form
Htun = t(d
†Ψe,MR(0) + Ψ
†
e,MR(0)d)
+V d†dΨ†e,MR(0)Ψe,MR(0), (51)
where t is the tunneling amplitude to the dot (which we have,
without loss of generality, assumed to be real). The tunneling
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is assumed to occur at the origin, x = 0. The parameter V
represents the strength of the Coulomb repulsion between the
edge and the dot, and electron operator is given by Eq.(7),
Ψ†e,MR = ψe
i2φ
. It has scaling dimension 3/2.
As a result of the scaling dim of Ψe,MR, t is naively irrele-
vant for small V ,
dt
dℓ
= −1
2
t+
tV
πvc
+O(t3). (52)
However, for V sufficiently large, t flows to the 2-channel
Kondo fixed point, not to t = 0. To see this, we we apply
to H a unitary transformation similar to that of Emery and
Kivelson
U = e2id
†d φ(0). (53)
This rotates φ(0) out of the tunneling term. H now takes the
form
UHU † = HMRedge +Hdot + t ψ(d− d†)
+ (V − 2vc) d†d ∂xφ(0). (54)
For V − 2vc = 0, this is a purely quadratic theory which can
be solved exactly. Thus, t is clearly relevant in this limit; it
is actually relevant over a range of values of V , as we dis-
cuss below. Note that only the Majorana combination d− d†
couples to the the quantum Hall edge. This is precisely the
same feature which leads to non-Fermi liquid behavior in the
2-channel Kondo problem,82 as can be seen by direct com-
parison with (37) for zero field, h = 0, and channel isotropy,
λ⊥− = 0.
Equation (54) therefore establishes that the tunneling of
electrons from a MR state to a quantum dot is described by
the channel symmetric 2-channel Kondo model. Having the
EK solution in hand, it is evident that the channel isotropy in
(54) follows from the unique Majorana fermion on the edge
of the MR state, ψ, that appears in the electron operator. The
absence of another edge Majorana to couple to the “d + d†”
combination follows directly from the topological properties
of the MR Pfaffian state. Therefore, the channel symmetric
nature of the emergent 2-channel Kondo model is topologi-
cally protected by the MR state. Typically, the channel sym-
metric limit requires delicate fine tuning and is very difficult
to realize in experiment,109 but the topological protection of
our situation is a boon. Most importantly, though, the non-
Fermi liquid physics of the emergent 2-channel Kondo model
leads, in principle, to a way to identify the fractional quantum
Hall state as the MR Pfaffian state.
Another way to see the connection to the 2-channel Kondo
model is to reverse the mapping of EK. To this end it is use-
ful to represent the two-level system on the dot by a spin:S† =
ηd†, S− = dη, and Sz = d†d−1/2, where η are Klein factors
that ensure the proper commutation relations are achieved.101
The η have the property that η† = η, η2 = 1 and they anti-
commute with fermions, i.e. their properties are like non-
dynamical Majorana fermions. We apply a unitary transfor-
mation U = eiαSzφ(0) to H as before, but take α = 2 − √2,
to partially rotate φ(0) in the tunneling term, giving
UHU † = HMRedge + ǫdSz + (V − vcα)Sz∂xφ(0)
+ t(ηψe−i
√
2φ(0)S† + ψηei
√
2φ(0)S−). (55)
When the term proportional to t in Eq. (55) is computed to
any order in perturbation theory, only even powers of S−S†
and S†S− will appear and the Klein factor η will disappear
due to the relation η2 = 1. We may therefore safely drop
it altogether, having already served its role in transforming
fermionic operators d to spin operators S,
UHU † = HMRedge + ǫdSz + (V − vcα)Sz∂xφ(0)
+ t(ψe−i
√
2φ(0)S† + ψei
√
2φ(0)S−). (56)
We now compare this to the channel symmetric Kondo
model:
Himp = λ⊥(J+(0)S− + J−(0)S+) + λzJz(0)Sz + hSz,
(57)
where ~S is the impurity spin; ~J(0) is conduction electron spin
density at the impurity site; λ⊥, λz are the exchange cou-
plings, which are not assumed to be equal; and h is the mag-
netic field. The currents Ja can be expressed in terms of a
Majorana fermion, ψ, and a free boson φ,
J+ =
√
2ψei
√
2φ, J− =
√
2ψe−i
√
2φ, Jz =
√
2∂xφ,
(58)
which is a special case of (9). The factors of √2 are present
in this expression because the boson φ is normalized here
according to Eq. (50) so that dim[eiφ] = 1/4, rather than
dim[eiφ] = 1/k = 1/2, as assumed in Eq. (9).
Substituting (58) into (57), we see that our problem (56)
maps onto the 2-channel Kondo model with anisotropic ex-
change if we identify λ⊥ = t,
√
2λz = V − (2−
√
2)vc, and
h = ǫd. For λz < 0, the Kondo model is ferromagnetic. In
the ferromagnetic Kondo model, the coupling to the impurity
is irrelevant, as we naively expected above (52). However,
when V is sufficiently large, λz > 0, corresponding to the
antiferromagnetic Kondo model. In section V, we discuss the
regime V − (2 − √2)vc > 0 in terms of realistic parameters
for experiments. In this case, the Hamiltonian is controlled
in the infrared by the exchange and channel symmetric an-
tiferromagnetic spin-1/2 2-channel Kondo fixed point.81 The
non-Fermi liquid behaviors of the spin susceptibility and mag-
netic field dependence of the zero-temperature magnetization
translate to the charge susceptibility and charge of the quan-
tum dot:87
χcharge ∝ ln (TK/T ) ,
∆Q ∝ VG ln (kBTK/e∗VG) . (59)
Here, ∆Q = Q − e(Ne + 12 ) is the charge on the dot mea-
sured relative to the average electron number at the degener-
acy point of the energy. The Kondo temperature TK is the
energy scale at which the coupling becomes O(1). In the ex-
change isotropic Kondo problem, in which the interaction λ
is marginal at tree level, TK ∝ exp(−πvn/λ). In a Majorana
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fermion resonant level model, in which the tunneling λ has
scaling dimension 1/2, TK ∝ λ2. In our problem, however,
due to the RG equation (52), together with dV/dℓ = t2/πvc,
we have a Kosterlitz-Thouless-like set of RG equations. For
V ≫ πvc/2, the flows in the V − t plane are nearly vertical,
so that TK ∝ t1/(
V
pivc
− 1
2 )
. However, closer to the Kosterlitz-
Thouless point, we expect the flow to strong coupling to be
slower so that, for instance, along the KT separatrix, an expo-
nential form such as TK ∝ e−c/t would hold for some con-
stant c.
B. Tunneling from the RR state
The analysis for electron tunneling between a RR state for
general k and the quantum dot is almost identical to that for
k = 2. The edge theory for filling fraction ν = k/(k + 2) is
Hedge =
(k + 2)/k
4π
vc
∫
dx (∂xφ(x))
2 + HZk , (60)
where HZk describes the (interacting, except for k = 2) neu-
tral Zk parafermionic sector of the edge. The tunneling term
takes the form
Htun = t(d
†Ψe,RR(0) + Ψ
†
e,RR(0)d)
+V d†dΨ†e,RR(0)Ψe,RR(0), (61)
and Hdot is the same as before. The electron operator Ψ†e =
ψ1e
i k+2
k
φ
, as given in (10), and has scaling dimension 3/2.
The crucial difference between the RR state and the MR state
is that the Zk parafermion ψ1 has replaced the Z2 Majorana
fermion.
As before, we apply a unitary transformation U =
eiαS
zφ(0) to H , which now takes the form,
UHU † = Hedge +Hdot + (V − vcα)Sz∂xφ(0)
+ t(ψ†1e
−iα˜φ(0)S† + ψ1eiα˜φ(0)S−), (62)
where α˜ ≡ k+2k − α. The choice α∗ = k+2k −
√
k+2
k
√
2
k
makes the connection to the k-channel Kondo problem ex-
plicit because the SU(2)k current operators can be represented
in terms of the Zk parafermions:
J+ =
√
kψ1e
iβφ, J− =
√
kψ†1e
−iβφ, Jz =
k
2
β∂xφ, (63)
where β =
√
2(k + 2)/k. [As in the MR case, the boson
φ is normalized differently here than in Eq. (9): according to
Eq. (60), dim[eiφ] = k/2(k+2) rather than dim[eiφ] = 1/k =
1/2, as assumed in Eq. (9).] Substituting these expressions
into (57), we see that our problem (62) is equivalent to the
channel symmetric k-channel Kondo problem if we identify
λ⊥ = t, βλz = V − vcα∗, and h = ǫd. For V > vcα∗,
this is the antiferromagnetic Kondo problem, which has an
intermediate coupling fixed point. Thus, we see that the Read-
Rezayi states offer a novel scenario to realize the non-Fermi
liquid behavior of the k-channel Kondo model,
χcharge ∝ T−(k−2)/(k+2),
∆Q ∝ VG2/k, (64)
which would otherwise require an incredible amount of fine-
tuning for k ≥ 3. Moreover, observing the predicted non-
Fermi liquid behavior would provide strong evidence that the
quantum Hall state is of the Read-Rezayi type. Again, we
emphasize that the non-Fermi liquid physics of the channel
symmetric k-channel Kondo model is topologically protected
by the RR state: Its edge theory has a unique parafermion in
the electron operator.
As we will now see, the non-Fermi liquid physics is
no longer topologically protected when one considers the
particle-hole conjugate states. The basic reason is that the
particle-hole conjugate states have multiple electron operators
which need not have the same tunneling amplitudes.
C. Tunneling from the MR anti-Pfaffian state
The edge theory of the MR anti-Pfaffian state is:24,25
LMR =
2
4π
∂xφ(i∂τ + vc∂x)φ+
3∑
a=1
iψa(−i∂τ + vn∂x)ψa,
(65)
as discussed in Sec. II. There are three different dimension-
3/2 electron operators, ψae2iφ for a = 1, 2, 3. The tunneling
Hamiltonian is,
Htun =
3∑
a=1
(
taψae
−2iφd† + h.c.
)
+ V d†d∂xφ. (66)
Although the edge theory has an emergent SU(2) symmetry,
and the three electron operators ψa form a triplet under this
symmetry, this symmetry is not fundamental and the tunneling
operators do not have to respect it.
Performing a unitary transformation, as before, to rotate
out the φ dependence of the first term, we obtain UHU † =
Hedge +Hdot + H˜tun where
H˜tun =
3∑
a=1
(
taψad
† + h.c.
)
+ (V − 2vc) d†d∂xφ,
= iχ1
(
λ1(d
† − d)/i+ λ′1(d† + d)
)
+ iλ2χ2(d
† + d) + (V − 2vc) d†d ∂xφ, (67)
where χ1 = uaψa/
√
u2, χ2 = waψa/
√
w2, ua = Re ta,
va = Im ta, wa = va − ua(u · v/u2), λ1 =
√
u2, λ2 =
√
w2,
λ′1 = u · v/
√
u2, and {χ1, χ2} = 0. Note that, for generic ta,
both a = (d† + d)/
√
2 and b = (d† − d)/i√2 couple to the
edge modes, as in the one-channel Kondo model. Thus, we
expect that (67) is also controlled by the one-channel Kondo
fixed point.
This is in contrast to the Pfaffian case, in which only b
couples to the edge modes, as in the channel symmetric two-
channel Kondo model. One might naively expect that both
a and b would couple to the edge modes even in the Pfaf-
fian case if the tunneling amplitude is t is not purely real.
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However, for t = |t|eiθ we could always find a linear com-
bination a cos θ + b sin θ which does not couple. The prob-
lem in the anti-Pfaffian case is that the linear combination
a cos θ1 + b sin θ1 which does not couple to ψ1 will, in gen-
eral, couple to ψ2 and ψ3. Only in the special case in which
all three tunneling amplitudes have the same phase will two-
channel Kondo behavior result.
The charge susceptibility and charge of the quantum dot
have the temperature and voltage dependence characteristic
of a Fermi liquid:
χcharge ∝ const. , ∆Q ∝ VG. (68)
Consequently, measurements of the behavior of the dot would
distinguish the Pfaffian and anti-Pfaffian states.
D. Tunneling from the RR state
The edge theory of the RR state is given by the sum of (1)
with ν = 2/(k+2) and (15). The tunneling Hamiltonian takes
the form
Htun =
k/2∑
m=−k/2
(
tmχ
m
j=k/2e
i k+2
2
φd+ h.c.
)
+ V d†d∂xφ.
(69)
It is useful to rewrite this expression using the parafermion
representation of SU(2)k (e.g. using (9)). Then χmj=k/2 =
ψm+k/2 e
−imφσ/2 where ψ0 = ψk ≡ 1 and ψ1, ψ2, . . . , ψk−1
are the parafermion operators. The tunneling Hamiltonian
then takes the form
Htun =
k/2∑
m=−k/2
(
tmψm+k/2 e
−imφσ/2ei
k+2
2
φd+ h.c.
)
+ V d†d∂xφ . (70)
Separating the m = 1− k/2 term from the sum, we have,
Htun = t1−k/2 ψ1 e
i(k−2)φσ/2ei
k+2
2
φd+ h.c. + V d†d∂xφ
k/2∑′
m=−k/2
(
tmψm+k/2e
−imφσ/2ei
k+2
2
φd+ h.c.
)
. (71)
where the prime on the summation indicates that the sum does
not include the m = 1 − k/2 term. Performing a unitary
transformation, we can rewrite this as:
Htun = t1−k/2 ψ1 d+ h.c. + (V − (1 + k/2)vc) d†d ∂xφ
+ (1 − k/2)vnd†d ∂xφσ +
k/2∑′
m=−k/2
(
tmψm+k/2e
−i(m−1+k/2)φσ/2ei
k+2
2
φd+ h.c.
)
.
(72)
The first line of (72) is essentially the channel symmetric k-
channel Kondo model, after unitary transformation, as in (62)
with α˜ = k+22 . The second and third lines may be viewed
as perturbations of this model. There are k couplings tm,
m 6= 1 − k/2, and it is tempting to identify them with the
possible channel anisotropies in the k-channel Kondo prob-
lem. However, we do not have a direct mapping and, indeed,
we do not expect a simple mapping of this form since chan-
nel asymmetry in the Kondo model would necessarily involve
operators in the SU(k)2 flavor sector, which does not enter our
model. However, the third line of (72) is certainly a relevant
perturbation, so it will drive the system away from the channel
symmetric k-channel fixed point. It seems likely that it will
drive the system to the one-channel fixed point, i.e. that there
will be no boundary entropy left, since that is the most stable
fixed point and the k relevant operators in Eq. (72) would be
expected to destabilize any other possible fixed point. How-
ever, whether or not the one-channel Kondo behavior gov-
erns the ultimate low-energy fixed point, tunneling to the RR
state will not be governed by the channel symmetric k-channel
Kondo model.
E. Other candidate states at ν = 5/2 and ν = 12/5
Before leaving the problem of a quantum dot coupled to
a single edge of a fractional quantum Hall state, we briefly
return to filling fraction ν = 5/2. Besides the Moore-Read
Pfaffian and the anti-Pfaffian, there are at least three other
candidate states for ν = 5/2, the non-Abelian SU(2)2 NAF
state,36,37 the Abelian K=8 strong coupling state,38 and the
Abelian Halperin (3,3,1) state.38 While numerically, the Pfaf-
fian and anti-Pfaffian appear to be favored,5–10 it is useful dis-
cuss what type of behavior we would expect in our set-up for
these other states. In a recent work by Bishara et al. the sig-
natures in quantum Hall interferometry for each of these 5
candidate states were discussed.27
In order to anticipate what behavior to expect for these other
candidate states, it is useful to recall the feature that led to the
stable 2-channel Kondo behavior for the Pfaffian: a unique
edge electron operator that was built in part from the Ma-
jorana fermion. Since the electron operator and the SU(2)
currents only differ by the scaling dimension of the bosonic
charge sector portion of the electron operator (which can be
changed with a unitary transformation in the tunneling Hamil-
tonian as we saw earlier), the Pfaffian is guaranteed to map
onto the channel isotropic version of the 2-channel Kondo
model. When the electron operator was no longer unique
and/or was not built from a parafermion (as is the case for
the MR or RR states) then the system generically flows to a
single-channel Kondo model. We expect the single-channel
Kondo fixed point to be the ultimate fate of the non-Abelian
SU(2)2 NAF state, the Abelian K=8 strong coupling state, and
the Abelian Halperin (3,3,1) state. This is true, even though in
states like the (3,3,1) state where the spin degree of freedom
is active and one would expect a 2-channel Kondo model to
be realized (because the situation is similar to that discussed
in Ref. [96,97]). However, this 2-channel Kondo model will
not be “topologically protected” in the way that it is for the
Pfaffian. Because of residual Zeeman coupling to the elec-
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tron’s spin in the quantum Hall state the spin up and spin
down edge modes will be slightly shifted with respect to one
another on the edge. This will lead to different tunneling ma-
trix elements between the edge and dot for different spin ori-
entations, breaking the channel symmetry in the effective 2-
channel Kondo model. Thus, the low energy fixed point will
be described by a single-channel Kondo model, rather than
the 2-channel version. In the case of the non-Abelian SU(2)2
NAF state, the analysis is nearly identical to the analysis of
the anti-Pfaffian state. The edge theories of the two states dif-
fer only in the chiralities of the neutral modes, and physics
at a single point contact is completely blind to the chirality
of the edge modes. Thus, single channel Kondo behavior is
obtained. The edge theory of the Abelian K=8 strong cou-
pling state is a single chiral boson, which maps to the single-
channel Kondo problem (after Toulouse transformation) if the
edge-dot repulsive interaction is sufficiently strong (and oth-
erwise flows to the ferromagnetic Kondo fixed point at which
the edge and dot decouple, as in all of the models which we
consider here).
Finally, the state at ν = 12/5 has another non-Abelian can-
didate (besides theRR state at k=3), a Bonderson and Slinger-
land (BS) state in the hierarchy built on the Pfaffian. Due to
the presence of other edge modes in the BS state at ν = 12/5
(relative to the Pfaffian) we expect the low-energy fixed point
to again be described by the single-channel Kondo model.
While both the RR and BS state are expected to have the same
low-energy fixed point, the crossover at higher energy scales
should be governed by the 3-channel Kondo model for RR
and the 2-channel Kondo model for BS. However, due to the
unknown intrinsic exchange anisotropies involved, it is likely
to be very difficult to conclude much in experiment from this
intermediate energy behavior.
F. Tunneling through a Quantum Dot
We now consider the situation of bulk ν = 2 + k/(k + 2)
quantum Hall states on either side of a quantum dot, as shown
in Fig.2. Such a configuration will arise in a two point contact
interferometer if the backscattering at the two point contacts
is increased until they are both near pinch-off (at ν = 5/2, this
will be pinch-off of the ν = 1/2 state in the second Landau
level, while the filled lowest Landau levels are not pinched
off). The magnetic field or a side-gate voltage must then be
tuned to a degeneracy point of the dot which has been created
between the two bulk states.
For the sake of concreteness, we first consider the MR Pfaf-
fian state. The edge Hamiltonian is:
HMRedges =
∑
i=1,2
∫
dx
(
vc
2
4π
(∂xφi(x))
2 + ivnψi∂xψi
)
,
(73)
where i = 1, 2 are the two bulk states to the left and right of
e- e-e-
Vg
ν ν
bulk bulk
dot
FIG. 2: (color online) Schematic of our model for electron tunneling
through a quantum dot. Gates are shown in black. They may be
used to form a point contact to pinch off the dot from the rest of the
quantum Hall bulk. The gate on the bottom of the figure may be used
to shift the energy levels of the dot by changing its area S through a
change in the gate voltage Vg . The bulk is assumed to be at filling
fraction ν = 2+ k/(k+2) or ν = 2+2/(k+2). The white region
between the dot and the bulk is assumed to be at ν = 2.
the dot. The tunneling Hamiltonian takes the form
Htun =
∑
i=1,2
ti(d
†ψi(0)e2iφi(0) + ψi(0)e−2iφi(0)d)
+ Vid
†d ∂xφi(0). (74)
This model is tantalizingly close to the 4-channel Kondo prob-
lem, but it is not quite equivalent to it. If we were to consider
the bosonic analogue of this problem – bosons as ν = 1 – then
the Hamiltonian would instead be
HbosonicMR =
∑
i=1,2
∫
dx
(
vc
1
4π
(∂xφi(x))
2 + ivnψi∂xψi
)
+
∑
i=1,2
ti(d
†ψi(0)eiφi(0) + ψi(0)e−iφi(0)d)
+ Vid
†d ∂xφi(0).
(75)
The second and third lines could then be written as,∑
i=1,2
ti(S+J
i
− + S−J
i
+) + ViSzJ
i
z, (76)
where J1a and J2a both generate SU(2)2 Kac-Moody algebras.
For t1 = t2, V1 = V2, this is just a cumbersome way of
writing the 4-channel Kondo Hamltonian. However, in the
ν = 1/2 fermionic version of this problem, which is relevant
to us, we need to perform a unitary transformation generated
by
U = e(2−
√
2)id†d φ1(0), (77)
in order to transform the t1 term to Kondo form:
UHU † = t1(d†ψ1(0)e
√
2iφ1(0) + ψ1(0)e
−√2iφ1(0)d)
+ t2(d
†ψ2(0)e2iφ2(0)e−(2−
√
2)iφ1(0)
+ ψ2(0)e
−2iφ2(0)e(2−
√
2)iφ1(0)d). (78)
This unitary transformation makes the t2 term complicated
(and highly irrelevant, at least naively). Conversely, we could
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bring the t2 term into two-channel Kondo form, at the cost of
making the t2 term, at the cost of making the t1 term compli-
cated. In the case of more general RR states, the same situa-
tion is appears: we have representations in which the coupling
to either bulk state of these terms is simple and of k-channel
Kondo form, but we don’t have a representation in which both
couplings are simple and tractable. It is thus clear that the sit-
uation in Fig. 2 does not immediately map to a 2k-channel
Kondo model. The nature of its fixed point(s) is an interesting
open problem.
In the case of t1 6= t2, the low temperature physics can ex-
hibit some interesting crossovers. Suppose that t1 ≫ t2, but
both are still small (compared to the charging energy of the
dot and all other microscopic scales). Then it makes sense to
perform the unitary transformation (77) in order to bring the
Hamiltonian to the form (78). In this form, t1 is relevant and
flows to the 2-channel Kondo fixed point, while t2 is irrelevant
and flows to zero. The most salient feature in this limit will be
that the dot does not, as the temperature is lowered, decouple
from both bulk QH states but, instead, from only one of them.
Consequently, Coulomb blockade peaks, rather than narrow-
ing as the temperature is lowered, may broaden instead since
there will not be a completely isolated dot at T = 0.
V. DISCUSSION
The intermediate coupling fixed points which we found in
this paper may seem somewhat mysterious, so we suggest a
physical picture which may help explain them. In order to
do so, we draw on the ideas of Ref. [110], in which it was
shown that quantum Hall edge states and their interaction with
bulk quasiparticles could be understood in terms of boundary
conformal field theory as follows. If the boundary of a quan-
tum Hall droplet is treated as a 1-d system by ‘squashing’ the
edge down and temporarily ignoring the 2-d bulk, then the 1-d
system lives on an interval and, therefore, has conformally-
invariant boundary conditions at the two ends of the interval
(since there was clearly no length scale introduced in the pro-
cess of reduction to a 1-d system). (Here, ‘droplet’ refers to
the bulk quantum Hall state, not the ‘dot’.) Different possible
conformally-invariant boundary conditions correspond to dif-
ferent possible quasiparticles in the 2-d bulk, which is one way
in which the system evinces, through bulk-edge interaction,
the fact that it is not really 1-d. In Abelian states, this is rel-
atively trivial and can usually be ignored, but in non-Abelian
states, this effect can be significant. In particular, different
possible conformally-invariant boundary conditions have dif-
ferent boundary entropies, which are given by the quantum di-
mensions of the associated bulk quasiparticles. Returning now
to our new fixed points, we note that the ground state entropy
change associated with our new fixed points is precisely equal
to the entropy drop expected if the two-fold degeneracy of the
dot is lifted and the boundary entropy of the edge excitations
of the droplet increases by ln d, where d = 2 cosπ/(k + 2) is
the quantum dimension of the minimal charge quasiparticle.
(Here, we refer to the boundary entropy at the point at which
tunneling to the dot occurs when the edge is ‘squashed’ to a
1-d interval.) We emphasize that the change in boundary en-
tropy is measured via a change in boundary conditions of the
droplet/bulk quantum Hall state edge that provides the elec-
trons tunneling to the dot, and so is independent of the details
of the electronic structure on the dot.
This suggests the following picture for our fixed point,
which relies on the fact that the fixed point occurs at inter-
mediate dot-bulk edge coupling so that the charge on the dot
fluctuates and is not necessarily integral. (Again, we note this
is true independent of the electronic structure of the dot, pro-
vided that it is a degenerate two-level system in the absence
of tunneling. In particular, it does not matter whether it is in
a quantum Hall state or not.) Thus, we can imagine that a
quasiparticle-quasihole pair is nucleated so that the quasipar-
ticle is on the droplet and the quasihole is on the dot (or vice
versa). This is true, even though at “high energies” it is elec-
trons that are tunneling, not quasi-particles. The presence of
the quasiparticle on the droplet changes the boundary entropy
by according to the arguments of Ref. [110,111]. The pres-
ence of the quasihole on the dot lifts the degeneracy between
the N and N +1-electron states, thereby changing the bound-
ary entropy by − ln 2. To see this, consider, for the sake of
concreteness, a Pfaffian state. The energy on a small Pfaffian
dot can be modeled by E(N) = EC(n− n0)2/2 + vnn/2R
where n = 0, 1 corresponds to N or N + 1 electrons, R is
the length of the edge, and EC is the Coulomb charging en-
ergy. The first term is the Coulomb energy, with an offset
0 < n0 < 1 while the second term is the energy in the neu-
tral sector (associated with creating a Majorana fermion when
an electron is added). By tuning n0 = (1 + 2 vnREC )/2, we
can make the N and N + 1 electron states degenerate in en-
ergy. However, when a charge e/4 quasiparticle is added to
the dot, the neutral energy vanishes due to the existence of a
dot edge zero mode. Consequently, the degeneracy is lifted.
The total entropy drop is thus − ln 2/d, as predicted for the
multi-channel Kondo model.87,88
We should emphasize that the precise nature of the elec-
tronic states on the quantum dot are not important for our
basic result of multi-channel Kondo physics in the electron
tunneling on and off the dot. In particular, if there is cou-
pling between the edge of the dot and the bulk of the dot,
the physics will remain unchanged provided that the energy
of other states (not involved in the 2-fold level degeneracy) is
more than the tunnel broadening and kBT away in energy. In
this case, the level “d” will correspond to some hybridization
of edge and bulk states. In fact, the fractional quantum Hall
state in the partially filled Landau level in the dot can even be
destroyed by finite size effects (from being too small for ex-
ample) and it would not affect our conclusions, provided again
that the nearby level spacing is larger than tunnel broadening
and temperature. However, there is one detail that is impor-
tant to our result, and that is that the completely filled lower
Landau levels pass freely under the point contact. This de-
tail is important because it means that the tunneling from the
bulk quantum Hall edge to the quantum dot only occurs from
the “Read-Rezayi” part and not the filled lower Landau levels.
If the two integer quantum Hall edges are also backscattered
at the point contact, they should also be included in the edge
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electron tunneling operators (note the plural!) to the quantum
dot. These additional electron tunneling processes will drive
the system towards the single-channel Kondo model at all fill-
ing fractions since the “channel isotropy” coming from the
parafermion part of the electron operator will no longer pro-
tect the multi-channel Kondo physics when these additional
channels are present. In effect, we expect the physics to be
similar to the case of the anti-Pfaffian where the edge elec-
tron operator is not unique and the system is described by the
single-channel Kondo model at the lowest energies.
There are at least two other scenarios (of which we are
aware) where 2-channel Kondo physics emerges in the con-
text of quantum Hall states: Fradkin and Sandler discuss a
junction of a ν = 1/3 fractional quantum Hall state and
a normal metal.112 Fendley, et al. discuss the IV charac-
teristics of a point contact in a Pfaffian state and show that
the crossover from weak to strong backscattering of charge
e/4 quasiparticles is described by a variant of the 2-channel
Kondo model.113,114 In both cases, the physics is quite distinct
from what we discuss in this work. We are unaware of any
other works considering multi-channel Kondo models derived
from the general Read-Rezayi states, or other candidate non-
Abelian fractional quantum Hall states.
In order to see multi-channel Kondo physics in our setup
for the MR state, we need V > (2 − √2)vc. The fol-
lowing is a very crude estimate of the relevant parameters.
We take vc ≈ 105m/s (although smaller values are possible
if the edge confining potential is smoother), which implies
~vc ≈ 10−10 eV ·m. The coupling V is the Coulomb energy
for an electron on the dot and charge per unit length ∂xφc
on the edge in the vicinity of x = 0. If r is the distance
between the dot and the bulk state, and the magnetic length
ℓ0 is the short-distance cutoff for edge physics, then we have
V ∝ e2ǫr ℓ0. For r ∼ ℓ0, V ≈ 10−10 eV·m. Thus, V and vc are
comparable, and by tuning the edge velocity or the bulk-dot
distance, it should be possible to arrange V > (2−√2)vc. We
emphasize that this estimate is extremely crude because it is
difficult to accurately estimate the strength of the interaction
V as it depends on non-universal details of the edge, including
screening effects from the gates and possibly the edge modes
themselves. At any rate, by the same logic, it should be pos-
sible to make the exponent 1/
(
V
πvc
− 12
)
which appears in
the Kondo temperature, TK ∝ t1/(
V
pivc
− 1
2 ), of order 1. If, for
instance, it is precisely equal to 1, we will have TK ∝ t. In
edge tunneling experiments, t values are often in the range
t/ℓ0 ∼ 10K, so we expect that the multi-channel Kondo fixed
point will be observable for accessible temperatures.
A complicating issue in real experiments is possible edge
reconstruction, which is expected if the edges are suffi-
ciently smooth.46–50 When edge reconstruction occurs, pairs
of counter-propagating edge modes appear that do not af-
fect the Hall conductance, but do affect the edge Hamilto-
nian. The presence of these modes could in principle destabi-
lize the multi-channel Kondo physics we have discussed here
at the lowest energies, but one generally expects their cou-
pling to the dot to be much weaker due to their greater spa-
tial separation from it. In that case, it may be that even if
edge reconstruction is present it will not have much effect
over a fairly large range of temperatures and the multi-channel
Kondo physics will still be observable.
Finally, while the observation of non-Fermi liquid physics
in the thermodynamics of the dot would provide strong evi-
dence for a non-Abelian state of Moore-Read or Read-Rezayi
type (at the appropriate filling fraction), the converse is not
true: lack of non-Fermi liquid properties could result from the
presence of a particle-hole conjugate state, strong edge recon-
struction, or even an Abelian quantum Hall state. Thus, if
Fermi liquid properties are observed, further studies must be
done to determine if the state is non-Abelian.
VI. SUMMARY
In summary, we have shown that a quantum dot coupled via
tunneling to a Pfaffian quantum Hall state realizes the channel
symmetric 2-channel Kondo model while a quantum dot cou-
pled to a Read-Rezayi state of filling factor ν = 2+k/(k+2)
leads to a channel symmetric k-channel Kondo problem, both
without any fine tuning of parameters. These systems will
thus exhibit all the known non-Fermi liquid properties in their
thermodynamics, expressed through the charge on the dot,
which may be measured capacitively. Because the coupling
of a quantum dot to an anti-Pfaffian state generically exhibits
Fermi liquid properties, our results may be used to distinguish
between the two leading candidate states for ν = 5/2: the
Pfaffian and the anti-Pfaffian.
Our central results can be understood within the context of
the Emery-Kivelson (EK) solution to the 2-channel Kondo
model. In the EK analysis, a 2-channel Kondo model is
mapped to a resonant level coupled to some gapless degrees
of freedom. In the channel symmetric case, the gapless mode
is a Majorana fermion and non-Fermi liquid impurity physics
results. Thus, 2-channel Kondo physics is governed by a Ma-
jorana resonant level. In the case of channel asymmetry, the
level effectively couples to a Dirac fermion and Fermi liq-
uid impurity physics is found, characteristic of the 1-channel
Kondo model.
In our work, we reverse the process and ask “To what quan-
tum impurity model does a resonant level coupled to a RR
state correspond?”. For k = 2 the RR state is the MR Pfaffian
state, which has a single Majorana mode on its edge. This
Majorana mode turns out to play exactly the same role as the
Majorana mode in the EK analysis. For the RR states at gen-
eral k > 2 the Majorana is replaced by a Zk parafermion
(which is a Majorana for k = 2) which takes the place of
the Majorana in the k-channel Kondo model. The unique-
ness of the parafermion mode in the edge of the RR state en-
codes the physics of channel isotropy in the effective multi-
channel Kondo model. As a result, the usually fragile multi-
channel Kondo physics is “topologically protected” by the
non-Abelian quantum Hall state. For particle-hole conjugate
states, the low-energy physics is governed by physics other
than the channel symmetric multi-channel Kondo models. Fi-
nally, we find that the transport through a quantum dot be-
tween two non-Abelian quantum Hall states is not governed
17
by a 2k-channel Kondo model, but rather by a fixed point that
we could not determine with confidence. Its properties are an
interesting topic for future study.
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